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1 In this paper we consider the problem in which an
atom (for example, Bose isotope of the alkali atom
87Rb with the nuclear spin of 3/2 in gaseous medium of
the same atoms [1]) moves slowly oppositely to the
focused laser beam. The laser frequency is supposed to
be equal to the frequency of dipole transition of this
atom to the first excited state (Fig. 1). In the focusing
region resonant absorption of laser photons occurs.
The absorption probability can be equal to 100%
under some special choice for the laser pulse duration
[2]. In particular, this can be achieved by resonant π�
pulse [3]. If the initial atomic momentum p is less than
the photon momentum pph, then an atom begins to
move in the opposite direction according to the
momentum conservation law. Thus, resonant laser
light presents a one�dimensional potential barrier for
atomic translational motion. The barrier height V is

determined by the condition  = �ω/c. For real
optical laser frequency ω and real mass of an atom M
this barrier height is much less than 1 K. Therefore an
atom should be ultra�cold one, having the kinetic
energy on the order of 1 µK. The intense laser light can
be also off�resonant. However, then three�dimen�
sional scattering of photons on atoms makes the con�
sidered problem more difficult.

Gaseous medium around the considered atom pro�
duces the averaged field in Hartree approximation that
results in nonlinearity of the Schrödinger single�parti�
cle equation for this atom. Tunneling of photon exci�
tations between two Bose�Einstein atomic conden�
sates through the rectangular potential barrier has
been investigated in [4]. Various versions of tunneling

1  The article was translated by the author.

2MV

for the Gross–Pitaevskii equation were considered
also in many papers [5–12].

Unlike these works we consider problem of above�
barrier reflection of an atom from step potential in the
presence of other atoms and derive analytically the
reflection coefficient for a weak nonlinearity that cor�
responds to small number density of atomic gas. This
problem was investigated previously in [13–15] using
Jacobi elliptic functions.

First we remember the simplest quantum�mechan�
ical problem of above�barrier reflection of a particle
with single�particle energy µ by step potential (see
Fig. 2, [16]) for one�dimensional stationary
Schrödinger equation (in a system of units where the
Planck constant and mass of a particle are equal to
unity)

(1)

The solution of the stationary Schrödinger equation is
the running wave in the direction x > 0 which is
reflected to the opposite side at x < 0

,
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The wave function and its first derivative should be
matched at x = 0:

(2)

Hence

.

The reflection coefficient is determined by expression

(3)

Now we consider the Gross–Pitaevskii equation with
a weak repulsive (α > 0), or attractive (α < 0) nonlin�
earity for the same problem of above�barrier reflection
by step potential (attractive nonlinearity is realized for
gases from atoms 7Li and 85Rb, while repulsive nonlin�
earity occurs for a gas from atoms 87Rb [17]). The tem�
poral Gross–Pitaevskii equation for the single�parti�
cle wave function is of the form

.
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The coefficient α is proportional to the amplitude as of
s�wave elastic scattering of atoms on each other: α =
4π�2asN/M (we assume the short�rang interaction
potential and use the Hartree approximation). Here,
N is the number of atoms in a gas. The gas is assumed
to be sufficiently rarefied, i.e., the scattering length is
small in comparison to the distance between atoms.
However, this does not mean weak inter�particle inter�
action since it is proportional to the square of number
of atoms, while the kinetic energy is proportional to
the number of atoms.

We have for a stationary state with the definite sin�
gle�particle atomic kinetic energy µ

Ψ(x, t) = ψ(x)exp(–iµt).

Then the stationary Gross–Pitaevskii equation takes
the form

(4)

When x > 0, a particular solution of Eq. (4) can be
written in the same form of the transmitting wave as for
the usual Schrödinger equation (it should be noted
that since the Gross–Pitaevskii equation is the nonlin�
ear equation, then other solutions can be possible
which include the reflecting waves, see [13])

(5)

The motivation for choice of this solution is based on
analogy with a linear case for the transmitting wave.

In the case of x < 0 we do not have such simple solu�
tion. We solve Eq. (4) at x < 0 using the assumption
about small dimensionless nonlinear parameter a =
α/µ � 1. This inequality can be fulfilled at the small
atomic number density in a gas. The simple iteration
procedure is inapplicable, since so called secular terms
appear in solution. Namely, non�uniform part of
equation contains terms which are simultaneously
solutions of the uniform differential equation. These
terms result in divergences in iteration procedure. We
solve nonlinear Eq. (4) by multiscale analysis which
allows us to remove secular terms [18]. This is a form
of perturbation theory. The multiscale analysis was
applied for the nonlinear Schrödinger equation in
[19]. Changing the variable x  k1x, we rewrite
Eq. (4) in the dimensionless form

. (6)

Let us introduce new independent variables

x1 = x, x2 = ax, x3 = a2x ….

Then for the first derivative one obtains
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Fig. 2. The one�dimensional step potential barrier.
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Fig. 1. Resonant light as a one�dimensional potential bar�
rier for the translational motion of an atom.
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while for the second derivative we have

. (7)

Here and thereafter we restrict ourselves only by terms
which are linear with respect to the small dimension�
less parameter a � 1.

Substituting Eq. (7) into Eq. (6), we find the non�
linear equation

(8)

According to general rules of the iteration procedure,
the solution of Eq. (8) should be expanded on the
small parameter a

ψ = ψ0 + aψ1 + a2ψ2 + ….

Substituting this solution into Eq. (8), one obtains first
the equation for the zero iteration term

Its solution is of a simple form

(9)

Now we consider equation for the first iteration
term ψ1. It follows from Eq. (8) that

(10)

Substituting Eq. (9) for zero iteration term into
Eq. (10), one obtains the non�homogeneous linear
differential equation for the function ψ1 (primes mean
derivatives)

(11)

It is seen that the non�homogeneous part which is
proportional to the exponent exp(ix1), is the solution
of the uniform differential equation for the function
ψ1. This part produces secular term which increases
with the increase of x1 up to infinity. Analogous secular
term is produced by the non�homogeneous part which
is proportional to the exponent exp(–ix1). We should
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equalize these two terms to zero. Then according to
Eq. (11) next conditions should be fulfilled:

(12)

In order to solve these ordinary differential equations,
we present the complex quantity A and B in standard
form of complex numbers

A = a1exp(ia2);

B = b1exp(ib2).

Then the system of Eqs. (12) can be immediately
solved:

 = 0;  = 0; a1 = const; b1 = const;

Thus, according to Eq. (9) one obtains zero iteration
for wave function (we return to the previous variables)

(13)

We put the constant a1 = 1 without restriction of gen�
eral form of solutions analogously to such operation in
the usual Schrödinger equation for the problem of
transmission and reflection of plane waves. Then the
quantity b1 can be defined as the reflection amplitude,
and its square is the reflection coefficient.

Now in the right side of Eq. (11) only third har�
monics remain:

In the right side of this expression we should substitute
zero approximations for the quantities A and B, i.e.,
A = 1, B = b1. Hence, Eq. (11) takes the form

The partial solution of this equation is of a form

Thus, taking first iterations into account, one finds the
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Now we match the wave function and its first deriv�
ative at x = 0. The one obtains equations for determi�
nation of constants C and b1

1 + b1(1 – a/8 – ab1/8) = C;

Excluding the constant C, we find equation for deter�
mination of the reflection amplitude b1

1 a 1/2 b1
2

+( )– b1 1 a 1 b1
2
/2+( )–[ ]–

– 3ab1/8 3ab1
2
/8+ k2C/k1.=

1 a 1/2 5b1
2
/8+( )– b1 1 a 5/8 b1

2
/2+( )–[ ]–

=  k2 1 b1 1 a/8– ab1/8–( )+[ ]/k1.

When a = 0 this equation reduces to Eq. (2) as it
should be. Further we rewrite this equation in the form

(14)

In the right side of this equation which is proportional
to the small nonlinear parameter a, we should substi�
tute the value of b1, which does not take into account
the nonlinearity, i.e.,

(15)

In the left side of Eq. (14) we should substitute

Taking into account this relation, we rewrite Eq. (14)
in the form

Hence,

Here the function F(s) is determined

(16)

Substituting Eq. (15) into Eq. (16), we simplify the
expression for the function F(s)

(17)

Thus, the repulsive nonlinearity (a > 0) increases
reflection from potential barrier while the attractive
nonlinearity (a < 0) decreases reflection and increases
transmission through step potential [13]. Besides of
this, incident and reflecting waves have different effec�
tive masses because of the nonlinearity. We determine
here incident and reflecting waves as parts of the wave
function which reduce to exp(ik1x) and exp(–ik1x),
respectively, in linear case (α = 0).

Plot of the function F(s) is presented in Fig. 3. It is
seen that when the kinetic energy of an atom increases
compared to the height of the potential barrier V (i.e.,
when s decreases), the role of nonlinearity diminishes.
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Fig. 3. Plot of the function F(s).
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Fig. 4. Stationary solution of the Schrödinger equation for
the probability density ρ(x) = |ψ(x)|2.
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The solution (17) is valid also for the case when V <
0, that corresponds to the reflection by potential well.
From the physical point of view this corresponds to a
laser photon which initially moves in the same direc�
tion as an atom (i.e., in positive direction of the axis
X). The role of nonlinearity decreases in this case as it
should be.

If µ = V, then according to (5) transmission
through barrier takes place only for attractive nonlin�
earity (a < 0). In accordance with Eq. (14) we obtain
amplitude of reflection

(18)

In this case small transmission coefficient is equal to

For attractive nonlinearity transmission through step
potential is possible also at µ < V (see also [13]).

b1 1 4 a .–≈

T 1 b1
2

– 8 a .≈=

Oppositely, for repulsive nonlinearity according to
Eq. (5) transmission through barrier begins not when
µ = V, but for the definite energy µ0 > V. This value of
µ0 can be derived from relation (again when a � 1)

(19)

In Fig. 4 we present the probability density ρ(x) =
|ψ(x)|2 for the example V = 1, µ = 2.4, α = 0.2, which
was considered numerically in [13]. This quantity is
given by simple expression based on the above
approach:

(20)

The phase of the wave function θ, which is determined

from the dependence ψ(x) = , is shown
in Fig. 5. The phase is given by the expression

(21)

The last term in the right side of the expression for ρ(x)
in Eq. (20) corresponds to contribution of the third
harmonics. It is seen that it is very small. Therefore the
incident and reflecting waves are described well by the
function (13) when x < 0.

In Fig. 6 we present the numerical solution for the
probability density ρ(x) from [13] derived for the same
values of parameters (but in other system of units both
for x and for density). The difference between Fig. 4
and Fig. 6 is explained by different boundary condi�
tions in our approach and in [13]. We started with the
linear problem of above�barrier reflection when on the
region x > 0 there is only the transmitting wave. We
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Fig. 5. Phase of the wave function θ(x).

7.0

3.5

0
20100−10

x

Fig. 6. The probability density ρ(x) = |ψ(x)|2 according
to [13].
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Fig. 7. Phase of the wave function θ(x) according to deri�
vations of [13].
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assumed that reflecting wave does not appear in the
nonlinear problem at x > 0. It is seen from Fig. 6 of [13]
that the transmitting wave is modulated by small
reflection produced only by the nonlinearity. This
results in rare periodic strong decreasing of the density
at large values of x > 0 (Fig. 6).

The numerical dependence of the phase θ on x is
presented in Fig. 7 according to derivations of [13].

Generally, it is reproduced qualitatively in our
approach (see Fig. 5). It should be noted that qualita�
tive agreement of analytical and numerical solutions is
explained by small value of the nonlinear parameter
α = 0.2 in the Gross–Pitaevskii equation for the con�
sidered example. 

This work was supported by RFBR (grant no. 07�
02�00080).
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